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ON HY -IDEALS
MEHDI BADIE
Abstract. In this article, we continue the studying of HY -ideals. We intro-
ducing two notions fixed and free HY -ideals as an extension of fixed and free
z-ideals in C(X) and relative HY -ideals as an extension of relative z-ideals.
It has been shown that a large amount of the results of the mentioned pa-
pers and generally the papers in the literature about these topics, are special
cases of the results of this paper. We prove that Y is compact if and only if
every proper HY -ideal is a fixed HY -ideal; if and only if every proper strong
HY -ideal is a fixed ideal. Also, we show that every proper ideal is a relative
HY -ideal, if and only if every proper ideal is a strong HY -ideal; if and only if
R is regular.
1. Introduction
The concept of z-ideal, was first studied in the rings of continuous functions as
an ideal I of C(X) that Z(f) ⊆ Z(g) and f ∈ I implies that g ∈ I, see [9]. Then
this concept was studied more generally for the commutative rings, in [12], as an
ideal I of R that whenever two elements of R are contained in the same family of
maximal ideals and I contains one of them, then it follows that I contains the other
one. If we use (Z(f))◦ ⊆ (Z(g))◦ instead of the above inclusion relation and the
minimal prime ideals instead of the maximal ideals in the above definitions, then
we obtain the concept of z◦-ideal (d-ideal) in C(X) and the commutative rings,
which are introduced and carefully studied in [7, 8, 10]. The concepts of z-ideal
and z◦-ideal can be generalized to the concepts of sz-ideal and sz◦-ideal (ξ-ideal),
respectively, based on the finite subsets of the ideals instead of the single points in
the ideal, and are studied in [4, 5, 12].
The concepts of HY -ideals and the strong HY -ideals are generalizations of z-
ideals, strong z-ideals, z◦-ideals and strong z◦-ideals. These concepts have been
introduced and carefully studied in [3]. It has been shown that a large amount of
the results of the above mentioned papers and generally the papers in the literature
about these topics, are special cases of the results of [3]. In this paper, we continue
the studying of these concepts.
In the next section we recall some pertinent definitions. In Section 3, we intro-
duce and study the fixed and free HY -ideals and free and fixed HY -ideals respect
to a subset of Y . In this section we show that Y is compact if and only if every
proper HY -ideal is a fixed HY -ideal; if and only if every proper strong HY -ideal
is a fixed ideal. Also, we give a compactification of Y . The Section 4, devoted to
introducing and studying of relative HY -ideal as an extension of relative z-ideals.
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In this section, we show that every proper ideal is a relative HY -ideal, if and only
if every proper ideal is a strong HY -ideal; if and only if R is regular.
2. Prelementary
In this article, any ring R is commutative with unity. A semi-prime ideal is an
ideal which is an intersection of prime ideals. For each ideal I of R and each element
a of R, we denote the ideal {x ∈ R : ax ∈ I} by (I : a). When I = {0} we write
Ann(a) instead of ({0} : a) and call this the annihilator of a. If Ann(a) is maximal
in the set of all annihilator of nonzero elements of R, then Ann(a) is a prime ideal,
and it is called an affiliated prime ideal. A prime ideal P containing an ideal I is
said to be a minimal prime over I, if there are not prime ideals strictly contained
in P that contains I. Spec(R), Min(R), and Rad(R) denote the set of all prime
ideals, all minimal prime ideals, all maximal ideals of R and their intersections,
respectively. By Min(I) we mean the set of minimal prime ideals of I. In fact
Min((0)) = Min(R). A ring R is said to be reduced if Rad(R) = (0).
A prime ideal P is called a Bourbaki associated prime divisor of an ideal I if
(I : x) = P , for some x ∈ R. We denote the set of all Bourbaki associated prime
divisors of an ideal I by B(I). We use B(R) instead of B({0}). A representation
I =
⋂
P∈P P of I as an intersection of prime ideals is called irredundant if no P ∈ P
may be omitted. Let I be a semi-prime ideal, P◦ ∈ Min(I) is called irredundant
with respect to I, if I 6= ⋂P◦ 6=P∈Min(I) P . If I is equal to the intersection of all
irredundant ideals with respect to I, then we call I a fixed-place ideal, exactly, by
[2, Theorem 2.1], we have I =
⋂B(I).
In this paper, all Y ⊆ Spec(R) is considered by Zariski topology; i.e., by assuming
as a base for the closed sets of Y , the sets hY (a) where hY (a) = {P ∈ Y : a ∈ P}.
Hence, closed sets of Y are of the form hY (I) =
⋂
a∈I hY (a) = {P ∈ Y : I ⊆ P},
for some ideal I in R. Also, we set hcY (I) = Y \hY (I). For any subset S of Y , we
show the kernel of S by k(S) =
⋂
P∈S P and we have S = clY S = hY k(S). When
Y = Spec(R), we omit the index Y and when Y = Max(R) (Y = Min(R)) we write
M (m) instead of Y in the index. By these notations, for every S ⊆ R, we can use
the notations khm(S) and khM (S) instead of PS and MS (which is usually used in
the context of C(X)), respectively.
The reader is referred to [6], [9], [11] and [13] for undefined terms and notations.
Let R be a ring, Y ⊆ Spec(R) and I be an ideal ofR. Then, by [3, Proposition3.2]
the following are equivalent:
(a) For every a ∈ I and S ⊆ R, it follows from hY (a) ⊆ hY (S) that S ⊆ I.
(b) For every a ∈ I and S ⊆ R, it follows from hY (a) = hY (S) that S ⊆ I.
(c) For every a ∈ I and b ∈ R, it follows from hY (a) = hY (b) that b ∈ I.
(d) For every a ∈ I and b ∈ R, it follows from hY (a) ⊆ hY (b) that b ∈ I.
(e) If a ∈ I, then khY (a) ⊆ I.
(f) For every a ∈ I and S ⊆ R, it follows from khY (S) ⊆ khY (a) that S ⊆ I.
(g) For every a ∈ I and S ⊆ R, it follows from khY (S) = khY (a) that S ⊆ I.
(h) For every a ∈ I and b ∈ R, it follows from khY (b) = khY (a) that b ∈ I.
(k) For every a ∈ I and b ∈ R, it follows from khY (b) ⊆ khY (a) that b ∈ I.
An ideal I of R is said to be an HY -ideal if it satisfies in the above equivalent
conditions.
Let R be a ring, Y ⊆ Spec(R) and I be an ideal of R. Then, by [3, Proposition
3.4], the following are equivalent:
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(a) For every finite subset F of I and every S ⊆ R, it follows from hY (F ) =
hY (S) that S ⊆ I.
(b) For every finite subset F of I and every finite subset G of R, it follows from
hY (F ) = hY (G) that G ⊆ I.
(c) For every finite subset F of I and every finite subset G of R, it follows from
hY (F ) ⊆ hY (G) that G ⊆ I.
(d) It follows from hY (a) ∈ HY (I) that a ∈ I.
(e) For every finite subset F of R, it follows from hY (F ) ∈ HY (I) that F ⊆ I.
(f) For every finite subset F of I and a ∈ R, it follows from hY (F ) = hY (a)
that a ∈ I.
(g) For every finite subset F of I and a ∈ R, it follows from hY (F ) ⊆ hY (a)
that a ∈ I.
(k) For every finite subset F ⊆ I, we have khY (F ) ⊆ I.
(l) For every finite subset F of I and a ∈ R, it follows from khY (a) = khY (F )
that a ∈ I.
(m) For every finite subset F of I and a ∈ R, it follows from khY (a) ⊆ khY (F )
that a ∈ I.
(n) For every finite subset F of I and any S ⊆ R, it follows from khY (S) =
khY (F ) that S ⊆ I.
(o) For every finite subset F of I and any S ⊆ R, it follows from khY (S) ⊆
khY (F ) that S ⊆ I.
An ideal I ofR is said to be a strongHY -ideal if it satisfies in the above equivalent
conditions. An ideal I of R is called a Y -Hilbert ideal, if I is an intersection of
elements of some subfamily of Y ; i.e., I = khY (I). By maxl(E), we mean the set
of all maximal elements of E. Also, we denote by SHY (A) (PSHY (A)) the set of
all strong HY -ideals (proper strong HY -ideals) of A. See [3], for more information
about the HY -ideals and strong HY -ideals.
3. HY -fixed ideals and HY -free ideals
In this section, we introduce and study the fixed and free HY -ideals and free
and fixed HY -ideals respect to a subset of Y as extensions of fixed and free ideals
in C(X). Also, we give some equivalent properties to compaction of Y
Definition 3.1. Let Y ⊆ Spec(R) and I be an ideal of R. Then I is called an
HY -fixed ideal, if HY (I) is a fixed HY -filter; i.e.
⋂HY (I) 6= ∅. If I is not an
HY -fixed ideal, then I is called HY -free ideal.
Proposition 3.2. Let Y ⊆ Spec(R) and I be an ideal of R. Then the following
statements hold.
(a)
⋂HY (I) = hY (I).
(b) I is an HY -fixed ideal if and only if hY (I) 6= ∅.
Proof. (a). Let FI be the set of all finite subsets of I, then we can write
P ∈ hY (I) ⇔ I ⊆ P ⇔ ∀S ∈ FI , S ⊆ P
⇔ P ∈
⋂
S∈FI
hY (S) =
⋂
HY (I) ⇔ P ∈
⋂
HY (I).
(b). By (a), it is clear. 
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Now we can conclude the following corollary from the above proposition.
Corollary 3.3. Let Y ⊆ Spec(R) and I be an ideal of R. The following hold.
(a) If I is a Y -Hilbert ideal, then I is a fixed HY -ideal.
(b) I is HY -fixed (resp., HY -free) if and only if H−1Y HY (I) is an HY -fixed ideal
(HY -free ideal).
(c) H−1Y HY (I) = R if and only if I 6⊆
⋃
Y .
It is clear that every HY -fixed ideal is proper. Moreover the following corollary
is immediate.
Corollary 3.4. Let Y ⊆ Spec(R) and I be an ideal of R. Then I is a maximal
HY -fixed ideal if and only if I ∈ maxl(Y ).
Note that a maximal fixed HY -filter is a also an HY -ultrafilter. Therefore, I is
a maximal HY -fixed ideal if and only if HY (I) is a fixed HY -ultrafilter. Hence,
clearly, an HY -filter U is a fixed HY -ultrafilter if and only if H−1Y (U ) is a maximal
element of Y .
Theorem 3.5. Let Y ⊆ Spec(R). The following statements are equivalent.
(a) Every proper HY -ideal is a fixed HY -ideal.
(b) Every proper strong HY -ideal is a fixed HY -ideal.
(c) Every ideal contained in
⋃
Y is an HY -fixed ideal.
(d) maxl(PSHY ) ⊆ Y .
(e) Y is compact.
Proof. (a)⇒(b). It is clear.
(b)⇒(c). It follows from Corollary 3.3.
(c)⇒(d). Suppose that M ∈ maxl(PSHY ), then M is an HY -fixed ideal, so
hY (M) 6= ∅, by Proposition 3.2, so M ∈ Y , consequently Max(R) ⊆ Y .
(d)⇒(e). Suppose that {hY (aα)}α∈A is a family of closed basic with the finite
intersection. Then there is a proper HY -filter F containing {hY (aα)}α∈A. Then
an ultrafilter U on Y exists such that F ⊆ U . Since H−1Y (U ) ∈ maxl(PSHY ),
H−1Y (U ) is HY -fixed and therefore U is fixed, thus F is fixed, hence ∅ 6=
⋂
F ⊆⋂
α∈A hY (aα). Consequently Y is compact.
(e)⇒(a). Since HY (I) = {hY (F ) : F is a finite subset I} is a family closed sets
with the finite intersection property, It is clear. 
Corollary 3.6. Suppose that Y ⊆ Min(R) and ⋂ Y = {0}. Y is compact if and
only if B(R) ⊆ Y .
Proof. It concludes from [2] and Theorem 3.5. 
Theorem 3.7. Suppose that Y ⊆ Spec(R). If Z = maxl(PSHY ) ∪ Y , then Z is a
compactification of Y .
Proof. Y is dense in Z and maxl(PSHZ) ⊆ maxl(PSHY ) ⊆ Z, so Z is a compact-
ification of Y . 
Suppose that X is a topological space and Y = Max(C(X)). For every p ∈
βX \X , the maximal ideal Mp is a free z-ideal which is an HY -fixed ideal. This
example shows that the notion of fixed ideals and notion ofHY -fixed ideals need not
coincide in the rings of continuous functions literature. In the following definition
ON HY -IDEALS 5
we introduce new notion which coincides with the fixed ideals notion in the rings
of continuous functions literature.
Definition 3.8. Suppose Y ⊆ Spec(R) and S ⊆ Y . An ideal I is called an HY -fixed
ideal with respect to S if
(⋂HY (I)
) ∩ S 6= ∅ and I is called an HY -free ideal with
respect to S if I is not an HY -fixed ideal with respect to S; i.e.
(⋂HY (I)
)∩S = ∅
Suppose that S ⊆ Y ⊆ Spec(R). Clearly if an ideal I is HY -fixed with respect
to S, then it is also an HY -fixed; but the converse is not true in general. If Y =
Max(C(X)) and S = {Mp : p ∈ X}, then the family of all HY -fixed ideals (in fact,
fixed z-ideals) and the family of all HY -fixed ideal with respect to S coincide.
Theorem 3.9. Let S ⊆ Y ⊆ Spec(R) and I be an ideal of R. I is an HY -fixed
ideal with respect to S if and only if I is a HS-fixed ideal.
Proof. We can conclude from Proposition 3.2, that
(⋂HY (I)
) ∩ S = hY (I) ∩ S = hS(I) =
⋂
HS(I)
This completes the proof. 
Now Corollary 3.4, and Theorem 3.9, conclude the following corollary.
Corollary 3.10. If S ⊆ Y ⊆ Spec(R), then maxl(Y )∩S and the family of maximal
HY -fixed ideal with respect to S coincide.
Proposition 3.11. Suppose R′ is a subring of a ring R and Y ⊆ Spec(R) , then
Y ′ = {P ∩R′ : P ∈ Y } ⊆ Spec(R′). Set
F
′ = {hY ′(F ) : hY (F ) ∈ F and F is a finite subset of R′},
for every HY -filter F . If I is an HY -fixed ideal, then I ∩R′ is an HY ′-fixed ideal.
Proof. The proof is straightforward. 
4. Relative HY -ideals
In this section we introduce and study relative HY -ideals as an extension of
relative z-ideals and we show that the most important results about the relative
z-ideals can be extended to relative HY -ideals.
Definition 4.1. Let Y ⊆ Spec(R) and I and J be ideals of R. I is called (resp.,
strong) HY J -ideal if for every a ∈ I (resp., finite subset F of I) we have khY (a) ∩
J ⊆ I (resp., khY (F ) ∩ J ⊆ I). If I is (resp., strong) HY J ideal, for some ideal
J 6⊆ I, then I is called relative (resp., strong) HY -ideal and J is called a (resp.,
strong) HY -factor of I. A (resp., strong) HY J -ideal I is called a trivial (resp.,
strong) HY J -ideal, if J ⊆ I, otherwise I is called a nontrivial HY J -ideal.
Proposition 4.2. If Y ⊆ Spec(R), then the following hold.
(a) If J is an ideal of R, then every strong HY J -ideal is an HY J -ideal.
(b) Every strong relative HY -ideal is a relative HY -ideal.
(c) Every ideal I is a strong HY I-ideal.
(d) Every (resp., strong) HY -ideal is a (resp., strong) HY J -ideal, for every ideal
J of R.
(e) Every (resp., strong) HY -ideal is a relative (resp., strong) HY -ideal.
(f) Suppose that J is a (resp., strong) HY -ideal. Every (resp., strong) HY J -
subideal of J is a (resp., strong) HY -ideal.
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Proof. It is straightforward. 
Theorem 4.3. Let Y ⊆ Spec(R) and I and J be ideals of R. Then the following
hold
(a) If I is a (resp., strong) HY J -ideal and P ∈ Min(R), then P is a (resp.,
strong) HY J -ideal.
(b) A prime ideal P is a (resp., strong) HY J -ideal if and only if P is either a
(resp., strong) HY -ideal or J ⊆ P .
(c) If I is a relative (resp., strong) HY -ideal, then Min(I) has a (resp., strong)
HY -ideal.
Proof. (a). Suppose that I is an HY J -ideal. If a ∈ P , then b /∈ P exists such that
(ab)n ∈ I, for some n ∈ N. Since I is a HY J -ideal, it follows that
kkY (a)∩khY (b)∩J = k
(
hY (a)∪hY (b)
)∩J = khY (ab)∩J = khY (ab)n∩J ⊆ I ⊆ P
Since khY (b) 6⊆ P and P is prime, it follows that khY (a) ∩ J ⊆ P . Consequently,
P is an HY J -ideal.
Now Suppose that I is a strong HY -ideal. If F = {a1, a2, . . . , an} ⊆ P , then
bi /∈ P and mi ∈ N exist such that (aibi)mi ∈ I, for every 1 6 i 6 n. Set
b = b1b2 . . . bn /∈ P and m = max{m1,m2, . . . ,mn}, then (aib)m ∈ I, for each
1 6 i 6 n. Supposing E = {ami bm : 1 6 i 6 n}, khY (E) ∩ J ⊆ I, because I is a
strong HY J -ideal. Thus
khY (b) ∩ khY (F ) ∩ J = k
(
hY (b) ∪ hY (F )
) ∩ J = k(hY (E)) ∩ J ⊆ I ⊆ P
Since khY (b) 6⊆ P and P is prime, it follows that khY (F ) ∩ J ⊆ P . Consequently,
P is a strong HY J -ideal.
(b). It is clear if J ⊆ P , then P is (resp., strong) HY J -ideal. Now suppose
that J 6⊆ P and a ∈ P (resp., F is a finite subset of P ), then khY (a) ∩ J ⊆ P
(resp., khY (F )∩J ⊆ P ) implies that khY (a) ⊆ P (khY (F ) ⊆ P ). Thus P is (resp.,
strong) HY J -ideal.
(c). Since I is a relative (resp., strong) HY -ideal, there is some ideal J ⊇ I such
that I is a (resp., strong) HY J -ideal. Thus a ∈ J \ I exists, Set K =
〈
a
〉
, clearly, I
is a strong HYK-ideal. If K ⊆
√
I, then an ∈ I, for some n ∈ N. Thus
khY (a) = khY (a) ∩K = khY (an) ∩K ⊆ I
This shows that a ∈ I, which is a contradiction. Hence K 6⊆ √I, so K 6⊆ P , for
some P ∈Min(R). Now (a) and (b) follow that P is a (resp., strong) HY -ideal. 
Theorem 4.4. Let Y ⊆ Spec(R) and I and J be ideals of R. The following
statements are equivalent.
(a) I is a (resp., strong) HY J -ideal.
(b) IH ∩ J ⊆ I (ISH ∩ J ⊆ I).
(c) IH ∩ J = I ∩ J (ISH ∩ J = I ∩ J).
(d) A (resp., strong) HY -ideal K containing I exists such that K ∩ J = I ∩ J .
(e) A (resp., strong) HY -ideal K containing I exists such that K ∩ J ⊆ I.
(f) For each a ∈ I and b ∈ J (resp., finite subset F of I and finite subset E
of J), hY (a) ⊆ hY (b) (resp., hY (F ) ⊆ hY (E)) implies that b ∈ I (resp.,
E ⊆ I).
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Proof. We prove the theorem for HY -ideals, similarly one can prove it for strong
HY -ideals.
(a) ⇒ (b). By Theorem 4.3, either PH = P or J ⊆ P , for each P ∈ Min(I), so
[3, Proposition 7.11], follows that
IH ∩ J = (
√
I)H ∩ J =
( ⋂
P∈Min(I)
P
)
H ∩ J
⊆ (
⋂
P∈Min(I)
PH
) ∩ J = (
⋂
P∈Min(I)
P
) ∩ J =
√
I ∩ J
If a ∈ IH ∩ J , then a ∈
√
I ∩ J , so ∈ J and an ∈ J , for some n ∈ N. Hence
a ∈ khY (a) ∩ J = khY (an) ∩ J ⊆ I and therefore IH ∩ J ⊆ I.
(b) ⇒ (c). It is clear.
(c) ⇒ (d). Set K = IH.
(e) ⇒ (f). It is clear.
(e) ⇒ (f). hY (a) ⊆ hY (b) concludes that khY (b) ⊆ khY (a), since a ∈ I ⊆ K, it
follows that b ∈ khY (b) ∩ J ⊆ khY (a) ∩ J ⊆ K ∩ J ⊆ I.
(f) ⇒ (a). Suppose a ∈ I ∩ J . If b ∈ khY (a), then hY (a) ⊆ hY (b), so b ∈ I, by
the assumption. Hence khY (a) ⊆ I. It follows that I is an HY J -ideal. 
Proposition 4.5. Let Y ⊆ Spec(R). The following statements hold.
(a) Suppose that {Iα}α∈A and {Jα}α∈A are two families of ideals of R. If
I =
⋂
α∈A Iα, J =
⋂
α∈A Jα and Iα is a (resp., strong) HY J -ideal, then I
is a (resp., strong) HY J -ideal.
(b) If J ⊆ K are two ideals of R and I is a (resp., strong) HY K-ideal, then I
is a (resp., strong) HY J -ideal.
(c) If {Iα}α∈A is a family of (resp., strong) HY J -ideals, then
⋂
α∈A Iα is a
(resp., strong) HY J -ideal.
(d) If I is a (resp., strong) HY J -ideal and J is a (resp., strong) HY K-ideal,
then I is a (resp., strong) HYK-ideal.
(e) If I is a (resp., strong) HY J -ideal, then
√
I is a (resp., strong) HY√J -ideal.
(f) I is a (resp., strong) HY J -ideal if and only if I ∩ J is a HY J -ideal.
(g) I is a (resp., strong) HY J -ideal if and only if I is a (resp., strong) HY (I+J)-
ideal.
(h) Suppose that J is a (resp., strong) HY -ideal containing an ideal I. I is a
(resp., strong) HY J -ideal if and only if I is a (resp., strong) HY -ideal.
(i) Suppose that J is a (resp., strong) HY -ideal. I is a (resp., strong) HY J -
ideal if and only if I ∩ J is a (resp., strong) HY -ideal.
(j) Suppose that I and J are ideals of R. I∩J is both (resp., strong) HY I-ideal
and HY J -ideal if and only if I is a (resp., strong) HY J -ideal and J is a
(resp., strong) HY I-ideal.
(k) Suppose that I and J are ideals of R. IH∩J (resp., ISH∩J) is the smallest
(resp., strong) HY J -ideal containing I ∩ J .
(l) Suppose that I ⊆ K and J are ideals of R and IH = KH (resp., ISH =
KSH). If I is a (resp., strong) HY J -ideal, then K is a (resp., strong)
HY J -ideal.
(m) Suppose that I, J and K are ideals of R. If I ⊆ K ⊆ IH (resp., I ⊆ K ⊆
K ⊆ ISH) and I is a (resp., strong) HY J -ideal, then K is a (resp., strong)
HY J -ideal.
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(n) If I is a (resp., strong) HY J -ideal, then
√
I is a (resp., strong) HY J -ideal.
(o) Suppose that I, J and K are ideals of R. If IK is a (resp., strong) HY J -
ideal, then I ∩K is a (resp., strong) HY J -ideal.
(p) I is (resp., strong) HY P -ideal, for some prime ideal P if and only if (resp.,
ISH \ I) IH \ I is a multiplicatively closed set.
(q) If J is an ideals of R which not a (resp., strong) HY -ideal and J 6⊆
⋂
Y ,
then there is some strong HY J -ideal I ⊂ J which is not a (resp., strong)
HY -ideal.
(r) Suppose that I and J are ideals of R and P is a prime ideal of R. If
I ∩P is a (resp., strong) HY J -ideal, then either I or P is a (resp., strong)
HY J -ideal.
(s) Suppose that P and Q are prime ideals of R and J is an ideal of R. If
P 6⊆ Q, Q 6⊆ P and P ∩Q is a (resp., strong) HY J -ideal, then both P and
Q are (resp., strong) HY J -ideal.
Proof. (a) and (c). It is clear, according to the fact that the intersection of (resp.,
strong) HY -ideals is a (resp., strong) HY -ideal and Theorem 4.4.
(b), (d), (f), (h), (l). They follow easily from Theorem 4.4.
(e). [3, Lemma 3.2], [3, Proposition 7.11] and Theorem 4.4, conclude
(
√
I)H ∩
√
J = IH ∩
√
J =
√
IH ∩
√
J =
√
IH ∩ J =
√
I ∩ J =
√
I ∩
√
J
Now Theorem 4.4, follows that
√
I is an HY√J -ideal.
(g). [1, Lemma 2.4], and Theorem 4.4, conclude that IH ∩ (I + J) = IH ∩ I +
IH ∩J ⊆ I. Hence I is an HY (I+J)-ideal, by Theorem 4.4. The similar proof states
for strong HY J -ideals.
(i ⇒). Since I is a (resp., strong) HY J -ideal and J is a (resp., strong) HY -ideal,
I ∩ J is a (resp., strong) HY J -ideal. Now part (g) follows that I ∩ J is a (resp.,
strong) HY -ideal.
(i⇐). Since I∩J is a (resp., strong) HY J -ideal, I is a (resp., strong) HY J -ideal,
by part (f).
(j). It follows immediately from (f).
(k). It is clear that IH ∩ J is an HY J -ideal containing I ∩ J . Now suppose that
K is an HY J -ideal containing I ∩ J , [3, Proposition 5.1] and Theorem 4.4, follow
that
IH ∩ J = IH ∩ JH ∩ J = (I ∩ J)H ∩ J ⊆ KH ∩ J ⊆ K
Similarly, we can prove it for strong HY J -ideals.
(m). Since IH ⊆ KH ⊆, IH = KH. Now part (k) implies that K is anHY J -ideal.
Similarly, we can prove it for strong HY J -ideals.
(n). By [3, Proposition 7.11], I ⊆ √I ⊆ IH, now part (m) completes the proof.
(o). Proposition [3, Proposition 5.1], and Theorem 4.4, deduce that
(I ∩K)H ∩ J = (IK)H ∩ J ⊆ IK ⊆ I ∩K
Thus I ∩K is an HY J -ideal. Similarly, we can prove it for strong HY J -ideals.
(p ⇒). Theorem 4.4, follows that IH ∩ P ⊆ I. If a, b ∈ IH \ I, then a, b /∈ P , so
ab /∈ P , thus ab /∈ P , since ab ∈ IH, it follows that ab ∈ IH \ I. Consequently IH \ I
is a multiplicatively closed set.
(p ⇐). Since (IH \ I) ∩ I = ∅, there is some prime ideal P ∈ Min(I) such that
(IH \ I) ∩ P = ∅, thus
IH ∩ P =
(
(IH \ I) ∪ I
) ∩ P ) = I ∩ P = I
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Now Theorem 4.4, concludes that I is an HY P -ideal.
(q). Since J 6⊆ ⋂Y , there is some P ∈ Y such that J 6⊆ P . Set I = P ∩ J ,
it is clear that I ⊂ J and I is a strong HY J -ideal. If I is a (resp., strong) HY J -
ideal, then Proposition 4.5, follows that J is a (resp., strong), which contradicts
our assumption.
(r). It clear that if I ⊆ P , then I is aHY J -ideal. Now suppose I 6⊆ P , so b ∈ I\P
exists. For each a ∈ P , ab ∈ I ∩ J , so khY (a) ∩ khY (b) ∩ J = khY (ab)∩ J ⊆ I ∩ P ,
since khY (b) 6⊆ P , it follows that khY (a) ∩ J ⊆ P . Consequently, P is HY J -ideal.
The similar proof states for strong HY J -ideals.
(s). By the assumption, P,Q ∈ Min(I ∩ P ), so P and Q are HY J -ideals, by
Theorem 4.3(a). 
We say that a ring R has the root property if for each x ∈ R there are y ∈ R and
2 6 n ∈ N such that yn = x.
Proposition 4.6. Let Y ⊆ Spec(R) and K = ⋂Y . The following hold.
(a) An ideal I of R is a relative (resp., strong) HY -ideal if and only if there is
some ideal J ⊃ I such that I is a (resp., strong) HY J -ideal.
(b) Suppose that I ⊆ K are ideals of R and IH = KH (resp., ISH = KSH). If
I is a relative (resp., strong) HY -ideal, then K is a relative (resp., strong)
HY -ideal.
(c) Suppose that I and K are ideals of R. If I ⊆ K ⊆ IH (resp., I ⊆ K ⊆
K ⊆ ISH) and I is a relative (resp., strong) HY -ideal, then K is a relative
(resp., strong) HY -ideal.
(d) If I is an ideal of R and P is a prime ideal of R. If I∩P is a relative (resp.,
strong) HY -ideal, then either I or P is a relative (resp., strong) HY -ideal.
(e) An ideal I of a ring R is a relative (resp., strong) HY -ideal if and only if
there is some (resp., finite subset F ⊆ R which F ∩ I = ∅ ) c ∈ R \ I such
that (
〈
c
〉 ∩ khY (F ) ⊆ I)
〈
c
〉 ∩ khY (a) ⊆ I.
(f) Suppose that I is an ideal of R. If (K : I) 6⊆ I and K ⊆ I, then I is a
relative strong HY -ideal.
(g) Suppose that a ∈ R, K ⊆ 〈a〉 and R has the root property. The principal
ideal
〈
a
〉
is a relative strong HY -ideal if and only if (K : a) 6⊆
〈
a
〉
.
Proof. (a). It is clear, by Proposition 4.5(g).
(b). By the assumption, there is some ideal J 6⊆ I such that I is a (resp., strong)
HY J -ideal, then Theorem 4.5(l), concludes that K is a (resp., strong) HY J -ideal.
If J ⊆ K ⊆ KH, then J ⊆ KH = IH ∩ J ⊆ I, which is a contradiction, so J 6⊆ K
and therefore K is a relative HY -ideal.
(c). It follows immediately from part (b).
(d). It concludes immediately from Proposition 4.5(r).
We prove part (e) for HY -ideals, it is clear the similar proof states for strong
HY -ideals.
(e ⇒). Since I is a relative HY -ideal, there is an ideal J ⊇ I such that I is
an HY J -ideal. Thus c ∈ J \ I exists and IH ∩ J ⊆ I, by Theorem 4.4. For each
a ∈ I ⊆ IH we have, khY (a) ∩
〈
c
〉 ⊆ IH ∩ J ⊆ I.
(e ⇐). Set J = 〈c〉. Theorem 4.4 follows that I is a HY J -ideal, since J 6⊆ I, it
follows that I is a relative HY -ideal.
(f). First we show that khY (F ) ∩ (K : I) ⊆ K, for each finite subset F of R.
Suppose that F is a finite subset of I and a ∈ khY (F ) ∩ (K : I), then khY (a) ⊆
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khY (F ) and aI ⊆ K, thus khY (a) = khY (aF ) and aF is a finite subset of K,
since K is a strong HY -ideal, it follows that a ∈ khY (aF ) ⊆ K. Consequently,
khY (F )∩ (K : I) ⊆ K. Now take J = (K : I), then c ∈ J \ I exists. For each finite
subset F of I, we have
〈
c
〉 ∩ khY (F ) ⊆ J ∩ khY (F ) = (K : I) ∩ khY (F ) ⊆ K ⊆ I
Now part (c) follows that I is a relative strong HY -ideal.
(g ⇒). Since 〈a〉 is a relative strong HY -ideal, there is some ideal J 6⊆
〈
a
〉
such that
〈
a
〉
is a strong HY J -ideal, so khY (a) ∩ J ⊆
〈
a
〉
and c ∈ J \ 〈a〉 exists,
thus c ∈ J \ khY (a). Since R has the root property, there is some b ∈ R and
2 6 n ∈ N such that a = bn. Then bc ∈ J ∩ khY (a) ⊆
〈
a
〉
, so bc = ar = bnr, thus
b(c−nn−1r) = 0. We claim c−bn−1 /∈ 〈a〉, on contrary, c ∈ 〈a〉 ⊆ khY (a), which is
a contradiction. Hence c− bn−1 ∈ (K : b) = (K : a) and therefore c ∈ (K : a) \ 〈a〉.
(g ⇐). It follows from part (f). 
A ring R is called arithmetical, if for every ideal I, J and K of R, we have
I ∩ (J +K) = (I ∩ J) + (I ∩K)
Proposition 4.7. Suppose that Y ⊆ Spec(R) and J is an ideal of R.
(a) I is a maximal element of {I : J is a (resp., strong) HJ -factor of I} if and
only if I is a maximal element of
{P : P is a prime (resp., strong) HY -ideal and J 6⊆ P}.
(b) Every maximal element of {I ⊂ J : I is a (resp., strong) HY J -ideal } is of
the form P ∩ I, in which P is a maximal element of
{P : P is a prime (resp., strong) HY -ideal and J 6⊆ P}.
(c) Suppose that I is an ideal of R. If I has a (resp., strong) HY -factor, then
the family of all (resp., strong) HY -factors of I has a maximal element,
which contains I.
(d) If J is a minimal (resp., strong) HY -factor of an ideal I, then I + J is a
minimal (resp., strong) HY -factor of I containing I.
(e) If the largest (resp., strong) HY -factor of an ideal I exists, then it is of
the form (resp., {x ∈ R : khY (x) ∩
〈
F
〉 ⊆ I for all finite subset F of I})
{x ∈ R : khY (x) ∩
〈
a
〉 ⊆ I for all a ∈ I}.
(f) Suppose I is an ideal of R. If
K =
⋂
{P ∈Min(I) : I is not a (resp., strong) HY -ideal },
then (resp., ISH∩K ⊆
√
I) IH∩K ⊆
√
I. Also if I is a relative semi-prime
ideal, then K is the greatest (resp., strong) HY -factor of I.
(g) If I is a relative (resp., strong) HY -ideal, then the greatest (resp., strong)
HY -factor of I exists.
(h) If R is arithmetical, then every relative (resp., strong) HY -ideal has the
greatest (resp., strong) HY -factor.
(i) Suppose K =
⋂
Y . ideal J is a minimal (resp., strong) HY -factor of an
ideal I if and only if J =
〈
e
〉
, for some e /∈ √I, such that I ∩ 〈K, e〉 is a
(resp., strong) HY -ideal and
〈
e
〉
is a minimal principal ideal which is not
contained in I.
ON HY -IDEALS 11
Proof. (a). We show this part for HY -ideals, the similar proof states for strong
HY J -ideals. Suppose that I ∈ maxl{I : J is a HY -factor of I}. Since J is an HY -
factor of every prime HY -ideal which not contains J , it is sufficient to I is a prime
HY -ideal. We claim J 6⊆ IH, otherwise, Theorem 4.4, concludes J = IH ∩ J ⊆ I,
which is a contradiction. Since IH is an HY J -ideal, it follows that IH = I, by
the maximality of I, hence I is an HY -ideal, consequently, I is semi-prime, by [3,
Lemma 3.2]. Since I 6⊆ J , there is some P ∈ Min(I) such that J 6⊆ P . P is an
HY J -ideal, by Theorem 4.3. Hence P = I, by the maximality of I.
(b). Suppose that I a maximal element of {I ⊂ J : I is a HY J -ideal }. If
J ⊆ IH, then Theorem 4.4, concludes J = J ∩ IH ⊆ I, which is a contra-
diction. Hence J 6⊆ IH, so there is some Q ∈ Min(IH), such that J 6⊆ P .
By [3, Theorem 3.13], Q is a prime HY -ideal. So there is some maximal ele-
ment P of {P : P is a prime HY -ideal and J 6⊆ P} such that contains Q. Thus
I = I ∩ J ⊆ Q ∩ J ⊆ P ∩ J ⊆ J , since P ∩ J is an HY J -ideal, it follows that
I = P ∩ J .
(c). If C is a chain of HY -factor of I, then
(⋃
J∈C J
)∩ IH =
⋃
J∈C (J ∩ IH) ⊆ I
and clearly,
⋃
J∈C J 6⊆ I, so
⋃
J∈C J is an HY -factor of I, thus the family of all
HY -factor of I has a maximal element, by Zorn’s lemma. Now Proposition 4.6(a),
follows that I ⊂ J .
(d). Since J is a (resp., strong) HY -factor of I, I + J is a HY -factor of I, by
Proposition 4.5(g). If K ⊆ I + J is an HY -factor of I containing I, then k ∈ K \ I
exists, hence there are i ∈ I and j ∈ J such that k = i + j, so j = k − i ∈ K \ I,
and therefore j ∈ (K ∩J) \ I, so K ∩J is an HY -factor of I, by Proposition 4.5(a).
Now the minimality of J concludes that K ∩ J = J , hence J ⊆ K, and therefore
I + J ⊆ K.
(e). Suppose J is the largest HY -factor of I and K = {x ∈ R : khY (x) ∩
〈
a
〉 ⊆
I ∀a ∈ I}. x, y ∈ K implies that khY (a) ∩
〈
x
〉 ⊆ I and khY (a) ∩
〈
y
〉 ⊆ I, for all
a ∈ I, so 〈x〉 and 〈y〉 are HY -factors of I, since J is the greatest HY -factor of I, it
follows that x, y ∈ J , thus khY (a) ∩
〈
x+ y
〉 ⊆ khY (a) ∩ J ⊆ I, for all a ∈ I, hence
x+ y ∈ K. Now suppose x ∈ K and r ∈ R, then khY (a)∩
〈
rx
〉 ⊆ khY (a)∩
〈
x
〉 ⊆ I
and therefore rx ∈ K. Consequently, K is an ideal of I. Also for every a ∈ I,
khY (a) ∩K = khY (a) ∩
( ⋃
x∈K
〈
x
〉)
=
⋃
x∈K
khY (a) ∩
〈
x
〉 ⊆ I
Hence I is anHY K-ideal. Since for each x ∈ J we have khY (a)∩
〈
x
〉 ⊆ khY (a)∩J ⊆
I, for all a ∈ I, it follows that J ⊆ K, and thus J = K. Similarly, we can show
this part for strong HY -factors.
(f). Set A = {P ∈ Min(I) : P is an HY -ideal} and B = Min(I) \ A. By
Proposition [3, Proposition 7.11],
IH ∩K = (
√
I)H ∩K =
( ⋂
P∈Min(I)
P
)
H ∩K
=
( ⋂
P∈Min(I)
PH
) ∩K = (
⋂
P∈A
P
) ∩ (
⋂
P∈B
PH
) ∩ (
⋂
P∈B
P
)
=
( ⋂
P∈A
P
) ∩ (
⋂
P∈B
P
)
=
√
I
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Now suppose that I is a semi-prime ideal, then IH ∩K =
√
I = I, and therefore I
is an HY K-ideal. If J is an HY -factor of I, then for each P ∈ B, then every P ∈ B
is an HY J -ideal, by Theorem 4.3(a), since every P ∈ B is a not HY -ideal, it follows
that J ⊆ P , by Theorem 4.3(b), hence J ⊆ K. Since I is a relative HY -ideal, it
has a HY -factor J ⊆ K and therefore K 6⊆ I. Consequently, K is the greatest
HY -factor of I.
(g). Since I is a relative (resp., strong)HY -ideal,
√
I isHY -ideal, by Proposition
4.6(b). Now part (f) deduces that
√
I has the greatest (resp., strong) HY -factor.
(h). Suppose that I is a relative (resp., strong) HY -ideal. Part (c) deduces that
I has a maximal (resp., strong) HY -factor J . If K is a HY -factor of I, then
IH ∩ (J +K) = IH ∩ J + IH ∩ J ⊆ I
Thus J + K is a HY -factor of I, and therefore K ⊆ J , by the maximality of J .
Hence J is the greatest HY -factor of I.
We prove part (i) for HY -ideals, similarly one can show it for strong HY -ideals
(i⇒). Set e ∈ J \I. Proposition 4.5(b), concludes that I is anH
Y
〈
e
〉-ideal, hence
J =
〈
e
〉
, by the minimality of J . If for some n ∈ N, en ∈ I, then e ∈ khY (e) ∩ J =
khY (e
n)∩J ⊆ I, which is a contradiction. Hence e /∈ √I. Since 〈e2〉 ⊆ 〈e〉, I is an
H
Y
〈
e2
〉-ideal, by Proposition 4.5(b). The minimality of J follows that
〈
e
〉
=
〈
e2
〉
,
thus for some r ∈ R, e = e2r. Now we show that 〈e,K〉 = ⋂1−er/∈P∈Y P . If
1 − er /∈ P , then e(1 − er) = e − e2r = 0 ∈ P , so e ∈ R, hence 〈e,K〉 ⊆ P and
therefore
〈
e,K
〉 ⊆ ⋂1−er/∈P∈Y P . If y ∈
⋂
1−er/∈P∈Y P , since
⋂
1−er/∈P∈Y P = (K :
1 − er), it follows y − yer = y(1 − er) ∈ K and thus y ∈ 〈K, e〉. Consequently,〈
K, e
〉
=
⋂
1−er/∈P∈Y P . Since
⋂
1−er/∈P∈Y P is a Y -Hilbert,
〈
e
〉
is an HY -ideal.
Proposition 4.5(i), deduces that I ∩ 〈K, e〉 is an HY -ideal. If
〈
a
〉 ⊆ 〈e〉, then I
is an H
Y
〈
a
〉-ideal, by Proposition 4.5(b). Now the minimality of J implies that
〈
a
〉 ⊆ I, hence 〈e〉 is a minimal principal ideal which not contained in I.
(i⇐). Since J = 〈e〉 and 〈K, e〉 ∩ I are HY -ideals, I is an H
Y
〈
K,e
〉-ideal, by
Proposition 4.5(i). Proposition 4.5(b), implies that I is a HY J -ideal, since e /∈ I, it
follows that J is an HY -factor of I. If K ⊂
〈
e
〉
is an HY -factor of I, then k ∈ K \ I
exists, then
〈
k
〉 ⊆ K ⊂ 〈e〉 and 〈k〉 6⊆ I, which contradicts the minimality of 〈e〉.
Hence J is a minimal HY -factor of I. 
Corollary 4.8. Suppose Y ⊆ Spec(R) and I is a semi-prime ideal of R. I is a
relative (resp., strong) HY -ideal if and only if in each representation of I as the
intersection of prime ideals, there is a (resp., strong) HY -ideal.
Proof. (⇒). By Proposition 4.7(f), I has the greatest HY -factor J . Proposition
4.5(e), concludes J is a semi-prime. If I =
⋂
P∈A is a representation of prime
ideals, then Theorem 4.3(a), deduces that Pα is an HY J -ideal, for each α ∈ A. If
for every α ∈ A, Pα is not an HY -ideal, then Theorem 4.3(b), concludes Pα ⊇ J
and therefore I =
⋂
P∈A P ⊇ J , which is a contradiction.
(⇐). Set
J =
⋂
{P ∈Min(I) : I is not a (resp., strong) HY -ideal }.
Then J 6⊆ I and therefore Theorem 4.7(f), concludes I is a relative HY -ideal. 
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Theorem 4.9. Suppose that X,Y ⊆ Spec(R) and J is an ideal of R. Every (resp.,
strong) HXJ -ideal is a (resp., strong) HY J -ideal if and only if every prime (resp.,
strong) HX-ideal which is not containing J is a (resp., strong) HY -ideal.
Proof. ⇒). Suppose that P is a prime (resp., strong) HX -ideal which is not con-
taining J , then P is a (resp., strong) HXJ -ideal and therefore P is a (resp., strong)
HY J -ideal, by the hypothesis. Since J 6⊆ P , P is HY -ideal, by Theorem 4.3.
⇐). Set Z the family of all prime (resp., strong) HX -ideals which are not
containing J . Suppose that I is a (resp., strong) HXJ -ideal. We claim I is a (resp.,
strong) HZJ -ideal, on contrary a ∈ I and b ∈ J exist such that hZ(a) ⊆ hZ(b)
and b /∈ I, then P ∈ Min(I) exists such that b /∈ P , so J 6⊆ P , hence P is a
(resp., strong) HX -ideal, by Theorem 4.3. Thus P ∈ Z, since hZ(a) ⊆ hZ(b) and
a ∈ I ⊆ P , it follows that b ∈ khZ(b) ⊆ khZ(a) ⊆ P , which is a contradiction.
Hence I is a (resp., strong) HZJ -ideal, so there is some (resp., strong) HZ -ideal K
such that K ∩ J ⊆ I, by Theorem 4.4. Since every element of Z is a (resp., strong)
HY -ideal, K is a (resp., strong) HY -ideal, by [3, Corollary 6.4]. Now Theorem 4.4,
concludes I is a (resp., strong) HY J -ideal. 
Theorem 4.10. Suppose Y ⊆ Spec(R) and ⋂Y = {0}. The following statements
are equivalent.
(a) Every proper ideal of R is a relative strong HY -ideal.
(b) Every proper ideal of R is a relative HY -ideal.
(c) R is a regular ring.
Proof. (a ⇒ b). It is clear.
(b ⇒ c). Suppose that I is a proper ideal of R, then I is a relative HY -ideal,
so it has a HY -factor and therefore it has a maximal HY -factor J , by Proposition
4.7. If J 6= R, then J is a HY -ideal, thus has a HY -factor K containing J , by
Proposition 4.6. Now Proposition 4.5, concludes that K is a HY -factor of I, which
contradicts the maximality of J . Hence J = R, and therefore I is a HY -ideal. Thus
R is a regular ring, by [3, Proposition 5.8].
(c⇒ a). Suppose that I is a proper ideal ofR, then [3, Proposition 5.8], concludes
that I is a strong HY -ideal and therefore I is a strong HY -ideal, by Proposition
4.2. 
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